In general, elementary particles as well as extensive bodies have internal degrees of freedom that naturally turn their trajectories into accelerated curves. Hence, we propose to describe the kinematical properties of nongeodesic congruences and study how tidal forces are modified. Once the general scenario is well established, we analyze in details tidal effects due to electromagnetic fields, i.e. the relative acceleration between test charged particles. An algebraic analysis of these fields is developed together with a geometrical interpretation in terms of local field lines. In this framework, we compare general relativity and electrodynamics in terms of operationally equivalent objects.
Introduction
The identification of gravity with the geometrical properties of a Riemannian spacetime is one of the most profitable and intriguing ideas in physics, which together with the geodesic hypothesis and Einstein field equations form the core of general relativity. Notwithstanding, geometrize gravity creates some theoretical difficulties such as the definition of gravitational energy, the appearance of space-time singularities and the difficulties encountered on its quantization process (see for instance Refs. 1-4. To deal with some of the above difficulties, it became an interesting practice to compare general relativity with electrodynamics (see Refs. [5] [6] [7] . Despite the differences of their mathematical formalism and the unavoidable deficiency of any analogy, there has been many interesting results by comparing general relativity with electromagnetism. In general, one applies well-known techniques used in Maxwell theory to some of the mathematically involved and physically subtle issues of general relativity. Among the profitable analogies, there are the dragging of inertial frames by rotating masses and the so-called gravitomagnetic field,
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motion of spinning particles in a gravitational field, 22, 23 ,a algebraic classification of Weyl tensor, b curvature discontinuities and the Cauchy problem in general relativity, [24] [25] [26] ,c definition of the super-energy-momentum tensor [27] [28] [29] and the quasiMaxwellian equations for gravitation. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [30] [31] [32] [33] [34] It is possible to group these analogies in two main groups. The first group emphasizes the analogy between the Faraday tensor F µν and the Christoffel symbol Γ α µν in the context of weak field limit of Einstein's equations and assuming slowly moving test particles. In this scenario, by choosing a particular gauge condition, it is possible to show that the gravitational linearized equations can be cast in an equivalent form to Maxwell's equations, which allows to define spatial gravitoelectromagnetic fields involving derivatives of the perturbed metric g µν = η µν +h µν , and the geodesic equation reproduces the usual Lorentz force equation (see, for instance Refs. 2 and 11) .
The second group is based on the differential structure of Einstein and Maxwell equations and its relation to the Cauchy problem. In this analysis, it is natural to relate the Faraday tensor F µν with the curvature tensor R αβµν in vacuum. Using Bianchi identities and Lichnerowicz theorem, one can show that gravitational equations are formally equivalent to Maxwell's. In this scheme, it seems reasonable to associate the electric and magnetic parts of the Weyl tensor E µν and H µν , introduced by A. Matte 1 and references therein for a detailed discussion), but also represent the evolution of objects with exactly the same physical content.
In this paper, we shall take a less ambitious program. We are not interested in a direct comparison between dynamical properties of general relativity and electrodynamics. We are concerned mainly in the geometrical structure of the electrodynamic tidal forces. In other words, if in a given configuration of electromagnetic fields a cloud of test charged particles is released what will be the net effect of field gradients on their relative motions? We show that the local behavior of particles is much more complicated than in its corresponding gravitational analogue. We develop a detailed analysis of the deviation properties in electrodynamics and show explicitly in which sense the tidal effects differ from the gravitational ones.
General Characterization of Congruences
In general relativity, free test particles follow geodesics. However, elementary particles have internal degrees of freedom such as spin or is coupled to external fields and extensive objects have their internal structure that are not taken into account in the geodesic equation. Therefore, one should expect to have geodesics only on special cases and accelerated motion to be the typical behavior which motivates the analysis of specific accelerated congruences.
We start with a normalized timelike congruence in space-time which may be interpreted as the integral lines
The proper length s is a natural parametrization since the reading of clocks attached to observers following the timelike congruence will coincides with the proper length s. Also, one can define a parameter σ such that it forms a coordinate basis with s. Each value of σ specifies a given integral curve of the timelike congruence, i.e.
Locally, the integral lines along σ can be used to connect two infinitesimally close curves of the timelike congruence. Around a given reference curve Γ, the deviation vector η µ is defined as the vector linking Γ and an arbitrary sufficiently
close curve of the congruence with the same value of the length parameter. Thus, its Lie derivative
Any normalized timelike congruence where the coordinate basis (s, σ) has been constructed satisfies the properties
However, due to a possible acceleration a α = 0, in general, the deviation vector shall not be restricted to H p , the orthocomplement space of v µ defined by projecting all tensor fields with the projector
Thus, the deviation vector has its dynamical equation given by
Note that even thoughη α v α = 0, the deviation vector acceleration also has
and is associated with a nonpreservation of angles for accelerated curves.
In general, one is not interested in η α itself but in the evolution of projected objects in the rest space H p orthogonal to v µ at a given point p. 3 Hence, we shall define objects restricted to the orthocomplement space H p . As already mentioned, ⊥ η α can be viewed as the distance between two neighboring particles and thus the relative velocity ⊥ D Ds ⊥ η α describes the rate of separation between them in H p . In terms of projected objects, the relative acceleration satisfies
The above deviation equation, also known as Jacobi equation, gives the relative acceleration between the reference curve Γ and an infinitesimally arbitrary neighboring curve as measured in H p . Although the coefficients involving the derivatives of ⊥ η α with respect to the parameter can be excessively complicated depending on the choice of coordinates, the second-order differential system is linear with respect
The definition of η α is such that it connects points in two neighboring curves with the same value of the affine parameter. Therefore, ⊥ η α connects points with different values of affine parameter and contrarily toη α the relative velocity must have a component parallel to v µ as can easily be checked ⊥η
To perform a measurement, an observer must refer the desired quantities with respect to a local Cartesian coordinate axes defined by a tetrad system composed of three orthonormal vectors λ to its four-velocity. A necessary condition is that the system of vectors shall be propagated in such a way that it retains its properties so that one can compare a given quantity with respect to this system along the evolution. Note that if the local Cartesian coordinate axes are parallelly propagated then the three vectors λ 
Projecting this equation in the tetrad system and defining the deviation vector projection as
In the above equation i = 1, 2, 3. Note that since ⊥ η α v α = 0, the deviation vector will have only components with respect to the spatial tetrad vectors.
Special case of geodesics
Our main focus is the study of accelerated congruences but it might be helpful to remark some peculiarities of geodesic curves to stress the distinction between the two situations. In a geodesic flow, the acceleration a µ vanishes and one immediately recovers the well-known geodesic deviation equation which depends only on the curvature
The Jacobi equation then determines the deviation properties of a linearized geodesic flow, where both the relative positions and velocities of the near geodesics are, by hypothesis, infinitesimal. In general, it is always possible to choose the origin of the affine parameter such that in a given point the deviation vector is perpendicular to the velocity (η α v α = 0). In a geodesic congruence the parallel propagation preserves this relation, i.e. the deviation vector remains always restricted to H p (η α = ⊥ η α ). Furthermore, the covariant derivative commutes with projection
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Thus, Eq. (2) is identical to Eq. (1). Note that the geometric structure of the gravitational tidal forces in empty space is completely determined by the algebraic symmetries of the Weyl tensor (see Appendix for definitions). In particular, using the Fermi transported tetrad field the above equation becomes
where 38) . In particular, he showed by means of integral invariants that the gravitational tidal forces is necessarily irrotational. This result is valid not only in vacuum but also in the presence of matter. One may interpret this result as a natural manifestation of geometry. In a geometric framework of gravity, the Jacobi equation forbids the presence of tangential relative accelerations. We will see that this is not the case in electrodynamics.
Electrodynamic Tidal Forces
The linearity of Jacobi equation with respect to We have seen that in vacuum the gravitational contribution to the deviation equation is given by the electric part of the Weyl tensor, which is symmetric and traceless. The other two terms in (4) are related to acceleration, and since gravitational contribution is already well known, we shall concentrate on these two extra terms, in particular, to tidal forces generated by electromagnetic interaction.
Consider an accelerated congruence describing a cloud of test charged particles in a given electromagnetic field. The equation of motion of each individual particle is given by the Lorentz force, i.e.
We will assume that all particles have the same physical properties, i.e. the same charge/mass ratio. Different charge/mass ratio will only rescale the field strength without changing the kinematics of the tidal forces. With respect to v µ , the Faraday tensor can be decomposed as (see App. A)
d Note that the electric part of Weyl tensor is completely orthogonal to v µ .
Thus, the acceleration felt by each particle is nothing but the electric field measured in its rest space, i.e. a µ = q/mE µ . Substituting in (3) we obtain
where the connecting matrix M α β is given by
There are two distinct types of contribution to the relative acceleration. The first includes the projected gradients of the electric field while the latter is purely algebraic and quadratic in this field. Note that the last term involves quadratically the parameter q/m and, consequently, its contribution to the relative acceleration is invariant under the charge inversion map q → −q, which is not the case for the first term.
It may seem unexpected that relative accelerations in electrodynamics (10) include both the fields and their derivatives, inasmuch in Newtonian theory appears only first derivatives of the gravitational field g (x) in ordinary ocean tides. Nevertheless, General Relativity has exactly the same structure. Recall that the Riemann tensor
involves both derivatives and algebraic terms in the "pseudoforce" Γ α µν . In fact, the above equation reveals that both situations (electromagnetic and gravitational) are quite similar: the derivatives appear only linearly, whereas the algebraic terms appear quadratically. Hence, if the inertial and gravitational masses were not precisely equal, an additional parameter would also appears just like in the electromagnetic case. Only in the weak field approximation of both fields the gradient-like terms stand alone.
The fact that electromagnetic "tidal forces" involve similar terms as in its gravitational analogue does not mean that they have the same geometrical properties. In fact, as we will see, in electrodynamics the relative force field presents a more sophisticated structure. This can be seen by studying the properties of (10). The matrix M α β can be separated in three components related to its irreducible parts, each one of them contributing in a different manner to the relative accelerations. Without loss of generality, we fix q/m = 1 and set
with
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As long as M αβ is already in the rest space H p , there is only its trace T , the traceless symmetric part X µν = X νµ , X µ µ = 0 and its antisymmetric component W µν = −W νµ . Thus, given an external field F αβ and a trajectory satisfying the Lorentz force, the irreducible parts are determined by a straightforward calculation.
Note that at a given point of the reference curve Γ the irreducible parts are not arbitrary but shall be compatible with Maxwell's equations. Nevertheless, even though these equations constrains the system, the field dynamics alone cannot determine completely the relative acceleration at a given point. In the rest frame of the accelerated particle (see App. A), Maxwell's equations in vacuum projected along and perpendicular to v µ read
Here v µ;ν ≡ a µ v ν +k µν and the spatial kinematics term is given byk µν ≡ θ/3h µν + σ µν + ω µν . The terms θ, σ µν and ω µν represents the usual expansion, shear and vorticity of the congruence.
As it is well known, Maxwell's equations relate the divergence, the rotational and the time derivative of the electric and magnetic fields. Helmholtz theorem guarantees that specifying the divergence and the rotational together with appropriate boundary conditions determines completely a given field in three dimensions. Notwithstanding, one can also modify the shear X αβ of a given field without altering its rotational and its divergence.
Consider two distinct fields E 1 and E 2 that have the same divergence, rotational and time derivative but different shears. These two different fields will generate the same Maxwell's equations. It is clear that they shall have different boundary conditions. It is worth noting that if the projected gradient is defined with respect to an inertial observer then the trace T and the antisymmetrical part W αβ of the two field E 1 and E 2 are identical but not the symmetric part X µν . Hence, the symmetrical part X µν has a nonlocal contribution in the sense that it completes the specification of the field by including the dependence on the boundary conditions.
Note that a similar situation also appears in gravitational tidal forces. In vacuum, gravitation is described by the Weyl tensor W αβµν which represents the nonlocal part of the gravitational interaction. The projection of this object in the worldline of an observer gives rise to the electric part E αβ . The fact that the electric part shares the same symmetries with X µν and also represents a nonlocal component seems an interesting coincidence between these theories.
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Algebraic Properties of Electromagnetic Tides
We shall study the algebraic properties of the electromagnetic tidal forces by analyzing the irreducible parts of M α β . We will define for future use the matrix versions of these three-dimensional tensors as: X = X 
where λ is a scalar and ξ α its eigenvector. A fourth order characteristic polynomial for λ is obtained by the condition det(λ1 − T) = 0. In particular, when the fourdimensional tensor T is completely orthogonal to a given vector v µ , its determinant vanishes identically, i.e. det(T) = 0. In this case the characteristic polynomial has the form
where the coefficients a n (n = 1, 2, 3) are functions of the scalar invariants built with traces of powers of T:
A straightforward application of these formula to the irreducible parts (12) leads to the following situations.
(i) Trace part of M: (T /3)h
The interpretation of this object is immediate since every vector of the three-space H p is itself an eigenvector of the operator (T /3)h. As long as h is a projector, it follows that h = h n for n ∈ N. Thus, from the characteristic polynomial one immediately obtains a single eigenvalue λ = T /3. Equations (9) and (12) show that the relative acceleration provided by the trace part of M is entirely analogous to the acceleration in a central force problem. Through a field line representation, it is immediate to see that this type of electromagnetic tides generate radial lines of force similarly to a charged particle at rest, since a α rel is always proportional to a given ⊥ η α in the rest space H p . But note that in this case the relative acceleration increases with the distance. In Fermi transported basis (4) along Γ, for a given value of the parameter s 0 , one obtains
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which can be represented also by the integral relation in the rest space H p
The integral on the left-hand side should be performed around a closed surface with infinitesimal area element given by d σ in the rest space and the other on the right-hand side gives the Euclidean volume enclosed by this area. The vaccum solution to Einstein's equation could have an analogue behavior due to a nonzero cosmological constant. However, since it must be negligible for noncosmological systems, we always consider a zero cosmological constant in the calculation of ordinary gravitational tidal forces. Thus, the above effect should appears only in electrodynamic tides.
(ii) Traceless symmetric part of M: X It is well known, as discussed in Subsec. 2.1, that the net effect of a gravitational field in vacuum is to produce strain on material bodies, which tend to be deformed while keeping their volume intact. The same effect can be found in the electromagnetic analogue by means of the X tensor.
As long as tr(X) = 0, the characteristic polynomial (19) reduces to
In principle one can solve the above third-order equation and find the possible eigenvalues explicitly in terms of the Lorentz invariant quantities tr(X 2 ) and tr(X 3 ). Note that, given that X is a symmetrical matrix, all its eigenvalues λ 1 , λ 2 and λ 3 are real and it is always possible to diagonalize it. Furthermore, since X is traceless, one of its eigenvalues can be written as a combination of the others, for instance λ 3 = −(λ 1 + λ 2 ), which gives the relations
Thus, given a background electromagnetic field F µν and a trajectory Γ it is possible to choose a frame in which
with λ 1 and λ 2 given implicitly by (26) . The traceless property of X implies that field lines will converge along the directions defined by two of the eigenvectors and diverge along the third one, or vice versa, as shown in Fig. 1 . This saddle-point-like structure of the field lines is exactly the type of tidal configuration expected to be measured in ordinary gravitational wave detectors, such as LIGO, Virgo or any other.
We would like to stress that the above configuration is the only type of relative acceleration present in gravity in vacuum. In general relativity, this is an immediate consequence of field geometrization combined with the geodesic hypothesis. The algebraically similarity of the two situations could persuade someone to wonder if it is possible or not to construct a particular electromagnetic configuration along the trajectory of a charged particle that could mimics gravity. Certainly, this interesting nontrivial question will depend on the properties of X along the same worldline.
(iii) Antisymmetric part of M : W
The eigenvalues of a skew-symmetric matrix can only be pairs of complex conjugate numbers λ, λ * or zero. Furthermore, for any real skew-symmetric matrix (A n ) ij = (−1) n A ji for n ∈ N, which implies that tr(A n ) = 0 for n odd. Thus, the coefficients a 0 and a 2 of the characteristic polynomial equation (19) vanish identically giving
Given that tr(W 2 ) < 0 we obtain three eigenvalues, λ 0 = 0 and λ± = ±i | tr(W 2 )|. The net effect of this type of acceleration can be seen by representing again the deviation equation in Fermi coordinates. We obtain
where
k represents the rotational of the acceleration field. Thus, in a given point of Γ, the rest space integral relation reads where d l is an infinitesimal length along a closed line and d σ is an area element. Thus, as shown in Fig. 2 , the antisymmetric part determines a local acceleration field that tends to give rise to tangential forces on material charged bodies. The axis of rotation coincides with the vector W j . This behavior also only appears due to the nature of the electromagnetic field. As was previously discussed, in the usual geometrical description of gravitation this rotational-type tidal is prohibited by Jacobi equation in vacuum. 
The Kinematic Restriction and the Gradient-like Limit
So far, we have discussed exact properties of electromagnetic tidal forces. In our previous analysis, we have not assumed any particular configuration of the external field F µν , of the kinematics of charged particles congruence v µ;ν or on the magnitude of the charge-mass ratio q/m. In this section we shall make some hypothesis concerning these quantities, which also allow us to recover some results from previous works. First of all, let us note that the algebraic term E α E β in (10) has a very peculiar property. As discussed in Sec. 3, the relative acceleration provided by this term is invariant under charge inversion q → −q. This property implies that one can directly measure its effect by considering not one but two equivalent congruences with opposite charges. Since the gradient-like term in (10) inverts its sign under this map, one only needs to perform two experiments with opposite charges and combine their results for a given ⊥ η α to obtain the desired term. Thus, it is possible to distinguish experimentally between the algebraic term and the gradient-like term. Note also that the algebraic term appears only due to the noncommutativity
